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ABSTRACT: The irrecoverable deformations in the substructure layers are detrimental to the 5 
track stability and demand frequent maintenance. With an escalation in axle-load and traffic 6 
volume, the frequency of maintenance operations has remarkably increased. Consequently, 7 
there is an inevitable need to predict the long-term behavior of the track substructure layers. 8 
This article presents a methodology to evaluate the recoverable and irrecoverable responses of 9 
the substructure layers under the train-induced repetitive loads. The present method utilizes an 10 
integrated approach combining track loading, resiliency and settlement models. The track 11 
substructure layers are simulated as lumped masses that are connected by springs and dashpots. 12 
The method is successfully validated against the field investigation data reported in the 13 
literature. A parametric study is conducted to investigate the influence of substructure layer 14 
properties on the track response. The results reveal that the response of each track layer is 15 
significantly influenced by the neighboring layer properties and the incorporation of multi-16 
layered track structure enables more accurate prediction of track behavior. The present 17 
analytical approach is simple, computationally efficient and may assist the practicing engineers 18 
in the safer design of the ballasted track. 19 
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The ballasted railway track is a complex engineering structure that consists of two primary 23 
components: substructure and superstructure. The substructure comprises of ballast, capping 24 
(subballast), structural fill, general fill and subgrade layers whose behavior governs the track 25 
performance and maintenance requirements (Selig and Waters 1994). These substructure layers 26 
undergo resilient (elastic) as well as irrecoverable deformation under the application of train 27 
induced repeated loads. The differential settlement produced due to non-uniform irrecoverable 28 
deformation in these layers is detrimental for track stability as it demands frequent maintenance 29 
cycles, increases the dynamic wheel-rail interactions and leads to poor riding quality (Esveld 30 
2001).  31 
 A hike in traffic volume, speed and axle loads on railway tracks has increased the 32 
stresses and deformations in the substructure layers (Nimbalkar and Indraratna 2016; Priest et 33 
al. 2010). Consequently, the frequency of maintenance cycles has increased to meet this ever-34 
increasing demand. These maintenance operations require substantial financial investments 35 
due to the lack of proper planning and poor diagnosis of the track geometry degradation 36 
problems (Nguyen et al. 2016). Therefore, the accurate prediction of the behavior of individual 37 
track layers is imperative to plan and reduce the frequency of maintenance operations. 38 
 The field investigations are essential tools to understand the behavior of individual 39 
substructure layers and their mutual interaction. However, these studies are time-consuming 40 
and costly. The numerical and analytical approaches offer cost-effective alternatives to 41 
understand the behavior of the substructure layers. Several researchers have attempted to 42 
predict the track response using 2D (e.g. Kuo and Huang 2009; Yang et al. 2009), 2.5 D (e.g. 43 
Costa et al. 2010; Galvín et al. 2018; Hung et al. 2013; Yang and Hung 2001) and 3D finite 44 
element (FE) analyses (e.g. Banimahd et al. 2013; Bian et al. 2010; Chen and Zhou 2018; 45 
Connolly et al. 2013; Galvín et al. 2010; Hall 2003; Li et al. 2018; Sayeed and Shahin 2016; 46 
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Shahu et al. 1999; Stewart and Selig 1982). Although the 2D models may be appropriate for 47 
predicting the static response of the track, these models cannot accurately simulate the three-48 
dimensional loading due to train-traffic (Powrie et al. 2007). On the other hand, 3D modelling 49 
of railway tracks using the FE method may be computationally intensive and time-consuming 50 
(Karlström and Boström 2006). 51 
 In contrast to FE analyses, analytical techniques are comparatively faster and may also 52 
facilitate the interpretation of results obtained from the FE analyses. Therefore, several 53 
analytical models have been developed to predict the behavior of the railway tracks under train 54 
induced repeated loading. These models range from a simple beam on elastic foundation 55 
(BoEF) approach (Esveld 2001) to advanced 3D vehicle-track coupled models (e.g. Guo and 56 
Zhai 2018; Zhai et al. 2009). Usually, the substructure in analytical models is either represented 57 
using equivalent springs and/or dashpots (Basu and Kameswara Rao 2013; Chen and Huang 58 
2000), as a homogenous or multilayered half-space (Dieterman and Metrikine 1997; Kaynia et 59 
al. 2000; Metrikine and Popp 1999; Takemiya and Bian 2005) or a combination of multilayered 60 
half-space, springs and/or dashpots (Sheng et al. 1999). The representation of substructure as 61 
an equivalent spring may predict the overall track response, however, it neglects the mutual 62 
interaction between the substructure layers. A few researchers represented the ballast and/or 63 
capping layers as individual masses connected by springs and dashpots (Sun and Dhanasekar 64 
2002; Zhai et al. 2004). Choudhury et al. (2008) employed a two-degree of freedom mass-65 
spring-dashpot model to study the response of different subgrade soils below a railway track 66 
under cyclic loading condition. However, their approach neglected the role of capping in the 67 
track response and also ignored the continuity of the substructure layers along the longitudinal 68 
direction (i.e., the direction of train movement). Nevertheless, a limited number of approaches 69 
have captured the irrecoverable deformation in the individual substructure layers under train-70 
induced repeated loads. 71 
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 This paper presents a methodology to evaluate both the resilient and irrecoverable 72 
responses of the track substructure layers under train-induced repetitive loads. The resilient 73 
response is evaluated by modelling the substructure layers as lumped masses connected by 74 
springs and dashpots. The irrecoverable response is evaluated using the empirical settlement 75 
models for ballast, capping and subgrade. The present model provides an insight into the 76 
deformation of the individual substructure layers, their mutual interaction and the influence of 77 
substructure layer properties on track response. The accuracy of the present method is validated 78 
by comparing the predicted results against the field investigation data reported in the literature. 79 
The present methodology is simple, computationally efficient and can readily be used to predict 80 
the cumulative track deformations. Consequently, the long term performance of the tracks can 81 
be evaluated. 82 
METHODOLOGY FOR PREDICTION OF TRACK SETTLEMENT 83 
The present study employs an integrated approach which combines three models as illustrated 84 
below: 85 
 Track loading model: this model evaluates the train-induced repetitive loads that act on 86 
the top of the ballast layer. 87 
 Track resiliency model: this model determines the resilient response of the track layers 88 
to the repeated train loading in terms of displacement, velocity and acceleration time 89 
histories. 90 
 Track settlement model: this model evaluates the cumulative settlement in the 91 
substructure layers due to repeated passage of trains. 92 
Track loading model 93 
In the ballasted railway tracks, the train-induced repetitive loads are transferred to the 94 
substructure layers through the sleeper-ballast contact. The sleeper-ballast contact force at each 95 
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sleeper location varies with time during the train passage. This force can be evaluated by using 96 
the beam on elastic foundation (BoEF) method. In this approach, the railway track is considered 97 
as a Euler-Bernoulli beam resting on an elastic foundation and the governing differential 98 




+ 𝑘𝛿(𝑥) = 0 (1) 
where E
r
 and I are Young’s modulus (N/m2) and the moment of inertia of the rail (m4), 100 
respectively; k denotes the track modulus (N/m2); δ(x) is the vertical track deflection (m) at a 101 
distance ‘x’ (m) along the longitudinal direction as shown in Fig. 1. The vertical deflection due 102 
to a static wheel load Q (N) (located at x = 0) can be evaluated by solving Eq. (1) under the 103 
boundary conditions δ(∞) = 0,  δ'(0) = 0 and δ''' (0) = Q/(2E
r
















where L is the characteristic length (m) [L = (4E
r
I/k)1/4]. The term kδ(x) in Eq. (1) represents 105 
the reaction force per unit length provided by the track to the rail. Since the rail is supported at 106 
discrete locations by the sleepers, the reaction force provided by each rail seat (i.e., the rail seat 107 
load) can be calculated by multiplying kδ(x) with the sleeper spacing [S (m)].  108 
 As the beam on elastic foundation (BoEF) approach [Eq. (2)] considers the downward 109 
deflection to occur within a distance of -3πL/4 to 3πL/4 from the point of load application 110 
(Esveld 2001), the rail seat load at a particular time instant due to a single wheel can be 111 
calculated for all sleepers lying within this range. Subsequently, the variation of rail seat load 112 
[Q
r,n
(t)] with time due to the cumulative train loading can be calculated using the superposition 113 
principle as: 114 







 (t) is the total rail seat load (N) at nth sleeper at time t (i.e. sleeper‒ballast contact 115 
force); a
t
 denotes the total number of wheels/axles under consideration; x
nj
 is the distance (m) 116 
between the nth sleeper and jth wheel/axle. Fig. 1 illustrates an example to calculate the rail seat 117 
load-time history at a sleeper due to the passage of Thalys high-speed train travelling at a speed 118 
of 100 km/h. Thalys high-speed train operates on the European high-speed rail corridor with a 119 
maximum speed of 300 km/h. It is assumed that the rail and the wheels are free from defects 120 
and the subgrade is stiff. A stiff subgrade is usually characterized by a high value of elastic 121 
modulus (69‒138 MPa) and high compressive strength (207‒345 kPa) (Li et al. 2016). 122 
 Fig. 1(a) shows the configuration of the Thalys high-speed train. It comprises of two 123 
locomotives and eight carriages that are supported by two-axle bogies. The total number of 124 
axles on the train is 26. It is assumed that the train is moving in the positive x-direction. 125 
Referring to Fig. 1(b), at time instant t
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from the leading (Q
1
) and trailing wheel (Q
2
), respectively. The distribution of rail deflection 127 
due to each wheel load, calculated using Eq. (2), is also shown in Fig. 1(b). It is apparent from 128 







) is greater than 3πL/4. As the train moves forward, the total deflection at the nth 130 
sleeper at time t
2
 is the sum of deflection due to both the wheels [refer to Fig. 1(c)]. Similarly, 131 
the deflection due to other wheel loads can be calculated at each time instant. Subsequently, 132 
the rail seat load-time history is calculated using Eq. (3) at all the sleeper locations by applying 133 
a time shift according to the axle spacing and train speed. Fig. 1(d) shows the resulting rail-134 
seat load time history at the nth and nth+1 sleeper (i.e. next to nth sleeper) due to a single passage 135 
of Thalys train at a speed of 100 km/h. It can be observed that a time lag exists in the load time 136 
history for the nth+1 sleeper. This time lag is equal to S/V, where, V represents the train speed 137 
(m/s). 138 
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Track resiliency model 139 
The dynamic response of the railway track to train-induced repetitive loads is simulated using 140 
a three degree of freedom mass-spring-dashpot (3DoF MSD) model. Fig. 2 shows the MSD 141 
model for the dynamic analysis of the track. The track structure is assumed to be symmetric 142 
with respect to the track centerline. The ballast, capping, and subgrade layers are represented 143 
as lumped masses that are connected by springs and dashpots. The subgrade layer overlays the 144 
bedrock. The motion of the track layers is considered only in the vertical direction. The ballast-145 
capping and capping-subgrade interfaces are assumed to be rigid, i.e., a no-slip condition exists 146 
for these interfaces. Zhai et al. (2004) used shear springs and dashpots between adjacent ballast 147 
masses to account for the continuity along the longitudinal direction. This approach of 148 
employing shear springs and dashpots has been extended to the capping and subgrade masses 149 
in the present method. 150 
Equations of motion 151 
Considering the dynamic equilibrium of the system below nth sleeper (refer to Fig. 2), the 152 
following system of equations can be derived using the D’Alembert’s principle: 153 
𝑚s?̈?s,n(𝑡) + 𝑐s?̇?s,n(𝑡) + 𝑐c[?̇?s,n(𝑡) − ?̇?c,n(𝑡)] + 𝑘s𝑦s,n(𝑡) + 𝑘c[𝑦s,n(𝑡) − 𝑦c,n(𝑡)]
+ 𝑘s
𝑠[2𝑦s,n(𝑡) − 𝑦s,n+1(𝑡) − 𝑦s,n−1(𝑡)] + 𝑐s
𝑠[2?̇?s,n(𝑡) − ?̇?s,n+1(𝑡) − ?̇?s,n−1(𝑡)] = 𝑓s,n(𝑡) 
 
(4a) 
𝑚c?̈?c,n(𝑡) + 𝑐c[?̇?c,n(𝑡) − ?̇?s,n(𝑡)] + 𝑐b[?̇?c,n(𝑡) − ?̇?b,n(𝑡)] + 𝑘c[𝑦c,n(𝑡) − 𝑦s,n(𝑡)]
+ 𝑘b[𝑦c,n(𝑡) − 𝑦b,n(𝑡)] + 𝑘c
𝑠[2𝑦c,n(𝑡) − 𝑦c,n+1(𝑡) − 𝑦c,n−1(𝑡)]
+ 𝑐c




𝑚b?̈?b,n(𝑡) + 𝑐b[?̇?b,n(𝑡) − ?̇?c,n(𝑡)] + 𝑘b[𝑦b,n(𝑡) − 𝑦c,n(𝑡)]
+ 𝑘b
𝑠[2𝑦b,n(𝑡) − 𝑦b,n+1(𝑡) − 𝑦b,n−1(𝑡)] + 𝑐b
𝑠[2?̇?b,n(𝑡) − ?̇?b,n+1(𝑡) − ?̇?b,n−1(𝑡)] = 𝑓b,n(𝑡) 
 
(4c) 
where the subscripts ‘b’, ‘c’ and ‘s’ denote the ballast, capping and subgrade layers, 154 
respectively; subscripts ‘n’, ‘n-1’ and ‘n+1’ represent the nth, previous and next to nth sleeper, 155 
respectively; m, c and k represent the vibrating mass (kg), damping coefficient (Ns/m) and 156 
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stiffness (N/m), respectively; ks and cs are the shear stiffness (N/m) and shear damping 157 
coefficients (Ns/m); f(t), ÿ(t), ẏ(t) and y(t) denote the external force (N), vertical acceleration 158 
(m/s2), velocity (m/s) and displacement (m), respectively. Eqs. [4(a‒c)] can be further 159 
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Eq. (5) is solved using the Newmark’s-β numerical integration scheme. The solution of the 161 
equation gives the transient displacement, velocity and acceleration response for the ballast, 162 
capping and subgrade layers. The time step in the present study is chosen as 1×10‒4 s to achieve 163 
the desired accuracy. 164 
Determination of model parameters 165 
The input parameters include the mass, stiffness and damping coefficient of the ballast, capping 166 
and subgrade layers. To determine these parameters, a pyramidal distribution of vertical load 167 
from the sleeper to the substructure layers is assumed (Ahlbeck et al. 1975), which was found 168 
to be in close agreement with the field measurements (Zhang et al. 2016). In this model, the 169 
vertical stresses in the substructure layers are uniformly distributed within the pyramid and 170 
zero outside the pyramid. Thus, the portion inside the load distribution pyramid can be 171 
considered as the effective region of ballast, capping and subgrade in the dynamic analysis. 172 
Consequently, the mass and stiffness of the effective regions of substructure layers below each 173 
sleeper can be determined using the geometry of the pyramid as: 174 
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2 tan2 𝛼] (6) 
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(7) 
𝑚s = 𝜌sℎ𝑠 [𝑙e𝑏sl + (𝑙e + 𝑏sl)(2ℎb tan 𝛼 + 2ℎc tan 𝛽 + ℎs tan 𝛾) + 4(ℎb tan 𝛼 + ℎc tan 𝛽)(ℎb tan 𝛼

































𝑏sl+2ℎb tan𝛼+2ℎc tan𝛽+2ℎs tan𝛾
𝑙e+2ℎb tan𝛼+2ℎc tan𝛽+2ℎs tan𝛾
)
𝐸s (11) 
where the subscripts ‘b’, ‘c’ and ‘s’ denote the ballast, capping and subgrade layers, 175 














 is sleeper length (m); g
t
 is the center to center distance between the rails (m); α, β 178 
and 𝛾 are the stress distribution angles (°) of ballast, capping and subgrade layers, respectively. 179 
The detailed derivation of Eqs. (6‒11) is provided in Appendix II.  180 
 The stress distribution angle (i.e., inclination angle of the pyramid with vertical) can be 181 
evaluated using Burmister’s theory of stress distribution in layered soil (Burmister 1958; 182 
Giroud and Han 2004): 183 
tan𝛼 = tan 𝛼0 [1 + 0.204(
𝐸b
𝐸c
− 1)] ;   tan𝛽 = tan𝛽0 [1 + 0.204(
𝐸c
𝐸s





 are the reference stress distribution angles in uniform ballast (i.e., for Eb = Ec) 184 




 is considered as 27° based on the assumed stress distribution of 2:1 (Han et al. 186 
2013). 187 
 It is interesting to note that the load distribution pyramids below adjacent sleepers might 188 
overlap in the longitudinal direction in case of large thickness, small sleeper spacing and high 189 
stress distribution angle (Zhai et al. 2004). Figs. 3(a), 3(b) and 3(c) show the overlapping in the 190 
pyramids along the longitudinal direction in the ballast, capping and subgrade layers, 191 
respectively. The height of the overlapped regions can be evaluated as: 192 





ℎcl = ℎc − (




ℎsl = ℎs − (









 are the overlap height (m) in ballast, capping and subgrade along the 193 
longitudinal direction, respectively. The established pyramidal load distribution model only 194 
considers the overlapping along the longitudinal direction (Zhai et al. 2004). However, the load 195 
distribution pyramids may also overlap along the transverse direction (perpendicular to the 196 
direction of train movement) if the layer thickness and stress-distribution angles are high, and 197 
the sleeper length is small. Figs. 3(d), 3(e) and 3(f) show the overlapping along the transverse 198 
directions in ballast, capping and subgrade, respectively. The overlap height in the ballast, 199 
capping and subgrade along the transverse direction can be determined as: 200 




ℎct = ℎc − (
𝑙sl − 2𝑙e − 2ℎb tan𝛼
2 tan𝛽
) (17) 
ℎst = ℎs − (










 are the overlap height (m) in ballast, capping and subgrade along the 201 
transverse direction, respectively. Fig. 4 shows the effective portion of the substructure layers 202 
below each sleeper point considered in the analysis. The geometry of this effective portion 203 
(consequently, the vibrating mass and stiffness of substructure layers) varies depending on the 204 
overlapping within the substructure layers. It is apparent from Fig. 4 that the stiffness and 205 
vibrating mass of the substructure layers may be over-predicted if the overlapping along the 206 
transverse direction is neglected in the analysis. Therefore, the mass and stiffness of the 207 
substructure layers can be determined more accurately if the overlapping is also considered 208 
along the transverse direction. 209 
 In summary, the overlap height is first calculated using Eqs. 13‒18 and the resulting 210 
geometry of the load distribution pyramid is identified. Subsequently, the vibrating mass and 211 
stiffness of the substructure layers (effective region) is determined using a similar procedure 212 
as described in APPENDIX II. Thus, the effect of overlapping is accounted for in the analysis 213 
by modifying the vibrating mass and stiffness of the substructure layers. Nevertheless, a 214 
detailed description of the different cases (or geometries) that may arise due to overlapping, 215 
and the corresponding equations to evaluate the mass and stiffness of the substructure layers 216 
for each case will be provided by the authors upon request. 217 
 The equivalent damping coefficient of the substructure layers can be calculated as 218 
(Nimbalkar et al. 2012): 219 
𝑐s = √
𝐸s𝜌s
(1 + 𝜈s)(1 − 𝜈s)
;  𝑐c = √
𝐸c𝜌c
(1 + 𝜈c)(1 − 𝜈c)
;  𝑐b = √
𝐸b𝜌b








 are the Poisson’s ratios of subgrade, capping and ballast layers, respectively. 220 
The external force f
b,n (t) in Eq. (5) is equal to the load-time history calculated using the loading 221 
model, while the external forces f
s,n (t) and fc,n (t) are considered as zero. The input parameters 222 
to evaluate the load-time history include E
r
, I, S, Q and k. The parameters E
r, I and S are usually 223 
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pre-defined. The wheel load is one half of the axle load (Qa). To account for the dynamic effects 224 
due to the wheel-rail irregularities, the wheel load can also be multiplied by the dynamic 225 
amplification factor (DAF). In the present study, DAF is evaluated using the method developed 226 
by Nimbalkar and Indraratna (2016): 227 






where V is the train speed (in km/h); Dw is the wheel diameter (in m); i1 and i2 are the empirical 228 
parameters that depend on the axle load and subgrade type. This method was derived from the 229 
field investigations, and it accounts for the variation in load amplification due to a change in 230 




 may range between 231 
0.0052 to 0.0065 and 0.75 to 1.02, respectively, depending on the subgrade type and axle load 232 
(Nimbalkar and Indraratna 2016).  233 
















where kp is the spring constant of rail pad (N/m) (including sleeper). 235 
Track settlement model 236 
The cumulative settlement (or irrecoverable deformation) in the substructure layers has been 237 
predicted using the empirical models. 238 
Settlement in granular (ballast and capping) layers 239 
The irrecoverable deformation in ballast and capping has been calculated using a power model 240 

















































p are the irrecoverable strains (%) in vertical 243 




 are the octahedral normal and shear 244 
stresses (N/m2), respectively; P
atm
 is the atmospheric pressure (N/m2); N is the number of load 245 






 represent the influence of the infill type, octahedral normal 246 




p) corresponding to the first load cycle. The 247 
parameter k
4

















p with N at 249 
different loading conditions. The total settlement can be evaluated by multiplying the strain 250 
with the thickness of the ballast and capping layers. 251 
Settlement in subgrade layers 252 
The model developed by Li and Selig (1996) has been used to predict the irrecoverable 253 
deformation in the subgrade layer: 254 
 s










 is the cumulative plastic strain in subgrade (%); σ'
d
 is the deviator stress (N/m2); σ
s
 is 255 
the compressive strength of subgrade soil (N/m2); a, m and b are the parameters that depend on 256 
the subgrade soil type. Table 1 shows the values of these parameters for different subgrade soil 257 
type. The subgrade is assumed to be divided into 10 layers and the strain in each layer is 258 
evaluated using Eq. (24). Subsequently, the total irrecoverable deformation (s
s
) is calculated 259 
as: 260 
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 is the cumulative plastic strain in the 261 
ith subgrade layer. The irrecoverable deformation is calculated after the completion of an 262 
individual load cycle. This cumulative approach is better than the calculation of irrecoverable 263 
deformation during an individual cycle, as the later approach would incur a huge amount of 264 
computational time (Suiker and De Borst 2003). The stresses in the substructure layers are 265 
calculated using the method described in Appendix I. 266 
MODEL VALIDATION 267 
The present method can be used to predict the resilient as well as the irrecoverable response of 268 
the ballasted railway tracks under train induced repeated loading. The response includes the 269 
resilient displacement, velocity and acceleration, and irrecoverable displacement of the 270 
substructure layers. The substructure layer response predicted using the present method is 271 
compared with the field investigation data reported by Takemiya and Bian (2005), Gräbe et al. 272 
(2005), Gräbe and Shaw (2010), Priest et al. (2010) and Mishra et al. (2014). 273 
 Takemiya and Bian (2005) reported the ground displacement and acceleration recorded 274 
during the passage of the Swedish X-2000 train at a speed of 70 km/h and 200 km/h. The track 275 
was located over very soft ground at the West Coast line in Sweden. Table 2 shows the values 276 
of the parameters used in the analysis. The ballast layer is replaced by an equivalent top soil 277 
layer in the analysis to ensure consistency with the approach used by Takemiya and Bian 278 
(2005). The train is initially at a distance of 3πL/4 from the first sleeper and is assumed to travel 279 
in the positive x-direction (i.e. from left to right). A total of 25 sleepers are considered in the 280 
analysis to ensure accurate prediction of deformations and the results are reported for the 281 
central sleeper (i.e. 13th sleeper). Fig. 5 compares the vertical displacement and vertical 282 
acceleration time histories computed using the present method with the data measured from 283 
15 
field investigations. It can be observed that the ground displacement calculated using the 284 
present method is in good agreement with the field data at a train speed of 70 km/h. For 200 285 
km/h, the vertical displacement in the downward direction is nearly identical to the field 286 
observation. However, a little discrepancy exists in the predictions corresponding to 200 km/h 287 
as the field data also showed vertical displacement in the upward direction, which is absent in 288 
the model predictions. The accelerations predicted using the present method show a similar 289 
trend as the field data for both 70 km/h and 200 km/h, however, the peak values are 290 
underestimated. 291 
 Gräbe et al. (2005) conducted field investigations in a heavy haul track at Bloubank site 292 
in the Broodsnyersplaas–Richards Bay Coal Export Line, South Africa. The track comprises 293 
of a 300 mm thick ballast layer overlying the formation, which constitutes of four layers of 294 
selected high-quality material (each 200 mm thick) and the in-situ material (weathered tillite). 295 
The instrumentation included Multi-depth deflectometers (MDDs), pressure plates, LVDT’s, 296 
accelerometers and strain gauges. These instruments were used to monitor the layer 297 
deformation (resilient and permanent), vertical stresses in substructure layers, rail and sleeper 298 
displacement, wheel load, lateral force, sleeper reaction and acceleration in rail, sleeper and 299 
ballast. Table 2 shows the values of the parameters used in the model predictions. Table 3 300 
compares the resilient settlement and vertical stress calculated using the present method with 301 
field data. It can be observed that the model predictions are consistent with field investigations. 302 
The present method slightly under-predicts the magnitude of vertical stress just below the 303 
ballast layer (0 mm below the foundation). Gräbe and Shaw (2010) reported the variation of 304 
irrecoverable/ permanent settlement of the substructure layers below the ballast with tonnage 305 
in million gross tonnes (MGT) at the same site. Fig. 6 compares the irrecoverable deformation 306 
calculated using the present method with that reported by Gräbe and Shaw (2010). It can be 307 
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observed that the predicted results are in good agreement with the data measured from field 308 
investigations. 309 
 Priest et al. (2010) also conducted field investigations at the Bloubank site in the 310 
Broodsnyersplaas–Richards Bay Coal Export Line, South Africa. The instrumentation included 311 
geophones to measure the velocity in substructure layers (which was used to back-calculate the 312 
displacement), and a combination of remote video monitoring and particle image velocimetry 313 
to measure the sleeper displacement. Table 2 shows the parameters used to predict the response 314 
of the substructure layers. Fig. 7(a) compares the variation of the resilient deformation with 315 
time due to the passage of 26-tonne axle load coal wagons, predicted using the present method 316 
with that recorded in the field experiments. It can be observed that the predicted response is in 317 
good agreement with the field data. Fig. 7(b) shows the variation of resilient displacement with 318 
time at different depth below the sleeper due to the passage of two adjacent bogies (4 axles). It 319 
can be observed that the predicted results are consistent with the field data. The resilient 320 
displacement decreases with depth, and the influence of the individual axles in the response 321 
diminishes with depth. 322 
 The four 200 mm thick layers of selected high-quality material were replaced by a 323 
single capping layer (800 mm thick) with equivalent elastic modulus in the analysis. Therefore, 324 
the results are only available for the top of the ballast layer (0 m), bottom of the ballast layer 325 
(0.3 m) and bottom of the capping layer (1.1 m). Fig. 7(c) compares the variation of the resilient 326 
deformation with time due to the passage of 20-tonne axle load coal wagons, predicted using 327 
the present method with the field data. It can be observed that the predicted results are in good 328 
agreement with the field observations. Fig. 7(d) shows the increase in vertical stress at 800 mm 329 
below the bottom of the sleeper predicted using the present method and that using the FE 330 
analysis by Priest et al. (2010). It can be observed that the predictions using the present method 331 
are consistent with that reported by Priest et al. (2010). 332 
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 Mishra et al. (2014) conducted field investigations near several bridge approaches along 333 
the Amtrak’s North East Corridor in the USA. The instrumentation included MDDs to monitor 334 
the deformation of the substructure layers and strain gauges to monitor the wheel load and 335 
sleeper reactions. Table 2 shows the parameters used for the prediction of the track response. 336 
Fig. 8 compares the resilient deformation in the ballast layer due to the passage of Acela express 337 
train predicted using the present method with the field measurements. It can be observed that 338 
the predicted trend is consistent with the field data. The small discrepancy in the peak values 339 
is likely due to a slight difference in the actual and the predicted load-time history. 340 
 Thus, the proposed method in this study can predict the stresses, resilient and 341 
irrecoverable response of the track substructure layers with adequate accuracy. The method is 342 
simple and computationally efficient. It can serve as a tool to optimize the track performance 343 
by selecting the best possible combination of geomaterials in the substructure layers. The 344 
method can capture the irrecoverable deformation of the substructure layers and hence, predict 345 
the long-term performance of the track, which can be used to design and optimize the 346 
maintenance cycles. 347 
RESULTS AND DISCUSSION 348 
A parametric study is conducted to investigate the influence of thickness and elastic modulus 349 
of the substructure layers on the track performance. Table 2 provides the range of the 350 
substructure parameters considered in the analysis. The nominal values of the parameters are 351 
shown in the parenthesis. The results are calculated for the passage of Thalys high-speed train 352 
at a speed of 100 km/h. In each analysis, the value of one parameter is varied at a time while 353 
the other parameters are assigned the nominal values. 354 
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Influence of layer thickness 355 
Fig. 9(a) illustrates the influence of thickness on the average irrecoverable strain accumulated 356 
in the substructure layers when the track is subjected to tonnage of 100 MGT. The average 357 
irrecoverable strain is the ratio of vertical irrecoverable deformation in a layer to its initial 358 
thickness. It can be observed from the figure that the average irrecoverable strain in the ballast, 359 
capping and subgrade layers decreases by 22, 47 and 31%, respectively, with an increase in 360 
ballast thickness (h
b
) from 0.15 to 0.6 m. It is interesting to note that a 31% reduction in the 361 
subgrade strain, in this case, represents a decrease in the permanent subgrade settlement by 10 362 
mm. This decrease in strain results from a combination of two counteracting effects. First, an 363 
increase in granular layer thickness increases the track modulus (and consequently, the rail seat 364 
load), which increases the stresses in substructure layers (Li et al. 2016). Second, an increase 365 
in h
b
 enhances the stress spreading ability of ballast and increases the depth of substructure 366 
layers from sleeper bottom, which decreases the stress (Li and Selig 1998). It is apparent that 367 
the second effect is dominant in this case, as there is an overall reduction in strain. 368 
 The average irrecoverable strain in capping and subgrade decreases by 76 and 29%, 369 
respectively, with an increase in capping thickness (h
c
) from 0.15 to 0.45 m. However, the 370 
ballast strain increases by 1.6% with an increase in h
c
. This increment is due to a rise in ballast 371 
stress with an increase in h
c for a fixed value of hb. The increase in stress is reasonable since 372 
the second effect mentioned above is negligible for this case. The subgrade thickness (h
s
) also 373 
influences the strain in the substructure layers. The average irrecoverable strain in ballast, 374 
capping and subgrade decreases by 19, 27 and 87%, respectively, with an increase in h
s
 from 375 
1 to 10 m. This strain reduction in ballast and capping is due to a decrease in the stresses in the 376 
granular layers with an increase in h
s
. Since, the track modulus decreases with an increase in 377 
h
s
 (Li et al. 2016), the rail seat load decreases and consequently, the stresses in the track layers 378 
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reduce. The average subgrade strain also decreases with an increase in h
s
. This is reasonable 379 
since the contribution of the deep subgrade layers to the total subgrade settlement is minimal. 380 
Thus, it is apparent that the thickness of the substructure layers significantly influences the 381 
irrecoverable deformation response of the track substructure. 382 
Influence of elastic modulus 383 
Fig. 9(b) shows the variation of average irrecoverable strain accumulated in the substructure 384 
layers with the elastic modulus when the track is subjected to tonnage of 100 MGT. It can be 385 
observed that the average irrecoverable strain in ballast, capping and subgrade decreases by 386 
9.3, 2.3 and 9%, respectively, with an increase in ballast modulus (E
b
) from 138 to 551 MPa. 387 
The increase in E
b
 leads to an increment in the track modulus, which increases the rail seat load 388 
(Selig and Waters 1994). Consequently, the stress in the substructure layers must increase with 389 
an increase in E
b
. However, a stiff ballast layer (with large E
b
) distributes the load to a wider 390 
area of capping as compared to less stiff ballast layer. Therefore, the actual magnitude of the 391 
stress depends on the degree of increment of both rail seat load and the load distribution 392 
zone/area. In this case, the strain decreases, which implies that the increment in load 393 
distribution area dominates the response. 394 
 The average irrecoverable strain in capping and subgrade decreases by 30 and 3.5% 395 
with an increase in capping modulus (E
c
) from 69 to 276 MPa. However, the ballast strain 396 
increases by 9.8% with an increase in E
c
. The increase in ballast strain may be ascribed to a 397 
reduction in the load spread area with an increase in E
c
. Burmister (1958) showed that the 398 
vertical stress at the interface of a two-layer medium increases with a reduction in the ratio of 399 
modulus of upper to lower layer materials. In the present study, this increase in vertical stress 400 




 ratio) is manifested by a corresponding decrease in α. 401 




. Nevertheless, β increases with an increase in E
c
 and therefore, the stress and the 403 
associated strain in the capping and subgrade layers decreases. 404 
 It is apparent from Fig. 9(b) that E
s
 plays a significant role in the irrecoverable response 405 
of the substructure. The average irrecoverable strain in the ballast and capping layers increases 406 
by 51 and 104% with an increase in E
s
 from 14 to 276 MPa, respectively. However, the 407 
subgrade strain decreases by 99% with an increase in E
s
. An increment in E
s
 increases the track 408 
modulus and the rail seat load (Li et al. 2016). Thus, the stresses in the substructure layers 409 
increase with an increase in E
s
. Consequently, the ballast and capping strain increases. 410 
However, in the subgrade, the increase in stress is compensated by a corresponding increase in 411 
the strength with an increment in E
s
 (Li et al. 2016). Therefore, the subgrade settlement 412 
decreases with an increase in E
s
. 413 
 Thus, the present method can accurately predict the variation in the irrecoverable 414 
deformation of the track layers in response to the track parameters. This method may help the 415 
practicing engineers to evaluate the magnitude of track substructure settlement after the 416 
completion of a fixed number of load cycles (or tonnage). This may aid in the adequate 417 
planning of the maintenance cycles by predicting the time when the substructure settlement 418 
exceeds a permissible/safe limit. Moreover, using the present approach, the track performance 419 
can be enhanced by optimizing the substructure layer parameters. 420 
ASSUMPTIONS, LIMITATIONS AND FUTURE SCOPE 421 
The main assumptions in the proposed method are: 422 
 The distribution of vertical load from the sleeper to the substructure layers is pyramidal 423 
 No-slip condition exists for the ballast-capping and capping-subgrade interfaces 424 
 The track structure is symmetric with respect to the track centerline 425 
 The substructure layer overlays the bedrock 426 
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The limitations of the present approach are as follows: 427 
 Principal stress rotation: The present approach neglects the influence of principal stress 428 
rotation on the track response. The rotation of principal stress can affect the 429 
irrecoverable deformations of the geomaterials (Gräbe and Clayton 2009). 430 
 Vehicle-track interaction: In the present study, a dynamic amplification factor has been 431 
employed to account for the additional loads applied on the track due to vehicle-track 432 
interaction, which is a simplified approach.   433 
 Loading direction: The present approach considers loading only along the vertical 434 
direction. However, in reality, the track is subjected to a combination of loads along the 435 
vertical, lateral and longitudinal directions (Esveld 2001). 436 
The future investigations shall address these limitations to improve the accuracy of the present 437 
approach. 438 
CONCLUSIONS 439 
This article presents an integrated approach to evaluate the recoverable and irrecoverable 440 
responses of the substructure layers in ballasted railway tracks. The track substructure layers 441 
have been represented as lumped masses connected by springs and dashpots, which accounts 442 
for the discrete sleeper support. The key features of the present approach include: 443 
 consideration of more appropriate inclusion of three substructure layers (ballast, 444 
capping and subgrade), compared to the existing models simplifying track substructure 445 
as single or dual layers. 446 
 incorporation of overlapping of the load distribution pyramids along both transverse 447 
and longitudinal directions, which is an improvement over the existing models. 448 
 prediction of irrecoverable deformation in ballast, capping and subgrade layers using 449 
empirical settlement models for individual layers. 450 
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A good agreement between the responses predicted using the present method and the field 451 
investigations reported in the literature clearly indicates that the model can accurately predict 452 
the behavior of track substructure layers. The parametric investigation reveals that the 453 
irrecoverable deformation in the substructure layers is sensitive to the elastic modulus and 454 
thickness of individual layers. The response of each track layer is affected by the adjacent 455 
layers and the incorporation of multi-layered track structure enables more accurate prediction 456 
of track behavior. The proposed method is simple, computationally efficient and can be used 457 
readily as a tool by practicing engineers to optimize the track performance. 458 
Appendix I. Stress calculations 459 
The vertical stress in the ballast, capping and subgrade at any depth can be calculated using 460 





















(t) are the vertical stresses (N/m2) in the ballast, capping and 462 
subgrade layers, respectively at depth z and time t; Ab (z), Ac (z) and As (z) are the equivalent 463 





) for each layer are calculated by multiplying the vertical stress with the 465 
coefficient of lateral earth pressure [k0, (k0=1‒sin 𝜑'; where 𝜑' = friction angle)]. The average 466 
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s are 468 
the equivalent shear area (m2) of ballast, capping and subgrade layers, respectively. The shear 469 
stress is assumed to be uniformly distributed along the entire thickness of the individual 470 
substructure layers. Fig. 4 shows the equivalent normal and shear area of the substructure layers 471 
considered in the present method. The equations to evaluate the octahedral normal and shear 472 
stresses, and deviator stress can be found in Timoshenko and Goodier (1970). 473 
Appendix II. Calculation of mass and stiffness of substructure layers 474 
The mass of the effective region of the substructure layers is calculated by multiplying the 475 
density of each layer with its volume. Figs. 10(a), (b) and (c) show the effective portion of 476 
ballast, capping and subgrade layers, respectively, in the case of no overlapping. Consider a 477 
small element dz at a depth z from the top of the ballast layer. The area of the element [Ab (z)] 478 
is given by: 479 
𝐴b(𝑧) = (𝑏sl + 2𝑧 tan𝛼)(𝑙e + 2𝑧 tan𝛼) (30) 
The mass of this element is calculated as: 480 
𝑑𝑚b = 𝜌b(𝑏sl + 2𝑧 tan𝛼)(𝑙e + 2𝑧 tan𝛼)𝑑𝑧 (31) 
The mass of the total effective region of ballast can then be calculated by integrating Eq. (31): 481 




Similarly, the mass of capping and subgrade layers can be determined as: 482 
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𝑚s = 𝜌s ∫ (𝑏sl + 2ℎb tan 𝛼 + 2ℎc tan𝛽 + 2𝑧 tan 𝛾)(𝑙e + 2ℎb tan𝛼 + 2ℎc tan𝛽
𝑧=ℎs
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The stiffness of ballast, capping and subgrade layers is calculated using the analogy between 483 
effective region of substructure layers and an axially loaded bar with variable cross sectional 484 
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A similar procedure is employed to evaluate the mass and stiffness of the substructure layers 486 
in case of overlapping along the longitudinal and transverse directions. 487 
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Notation 496 
The following symbols are used in this paper: 497 
     a, m, b  = empirical parameters that depend on the type of subgrade soil; 498 
 Ab(z), Ac(z), As(z) = equivalent area of ballast, capping and subgrade layers at depth z, respectively (m2); 499 






 = equivalent shear area of ballast, capping and subgrade layers, respectively (m2); 500 
             a
t
 = total number of wheels/axles under consideration; 501 
                        bsl = width of sleeper (m); 502 






 = damping coefficients of ballast, capping and subgrade, respectively (Ns/m); 503 






 = shear damping coefficients of ballast, capping and subgrade, respectively (Ns/m); 504 
                       Dw = wheel diameter (m); 505 
        Er, Eb, Ec, Es = elastic modulus of rail, ballast, capping and subgrade, respectively (N/m2); 506 
           fs,n,  fc,n, fb,n = external forces acting on the subgrade, capping and ballast, respectively (N); 507 
                         g
t
 = centre-to-centre distance between the rails (m);  508 






 = thickness of ballast, capping and subgrade, respectively (m); 509 
                  h
bl
, hbt = overlap height in ballast along longitudinal and transverse direction, respectively 510 
(m); 511 




 = overlap height in capping along longitudinal and transverse direction, respectively 512 
(m); 513 
                         h
i
 = thickness of ith subgrade layer (m); 514 




 = overlap height in subgrade along longitudinal and transverse direction, respectively 515 
(m); 516 
                           I = moment of inertia of rail (m4); 517 
                      i1, i2 = empirical parameters that depend on the axle load and subgrade type; 518 
              k = track modulus (N/m2); 519 
                         k0 = coefficient of lateral earth pressure; 520 








 b = empirical parameters for ballast; 521 








 c = empirical parameters for capping; 522 
               kb, kc, ks = stiffness of ballast, capping and subgrade, respectively (N/m); 523 
                         kp = spring constant of rail pad (including sleeper) (N/m); 524 
             ksb,  ksc kss = shear stiffness of ballast, capping and subgrade, respectively (N/m); 525 
                          L = characteristic length (m); 526 
                          le = effective length of sleeper (m); 527 
                         lsl = length of sleeper (m); 528 






 = vibrating mass of ballast, capping and subgrade, respectively (kg); 529 
                         N = number of load cycles; 530 
                      Patm = atmospheric pressure (N/m2); 531 
                         Q = static wheel load (N); 532 
                        Qa = static axle load (N); 533 
                      Qr,n = rail seat load at nth sleeper (N); 534 
                          S = sleeper spacing (m); 535 
                          s
s
 = total irrecoverable deformation in subgrade (m); 536 
                       Tn
s = average shear stress vector at nth sleeper point in yz plane; 537 
                         V = train speed (m/s); 538 
                        x
nj
 = distance between the nth sleeper and jth wheel/axle (m); 539 






 = acceleration, velocity and displacement for ballast below nth sleeper, respectively; 540 
          ÿ
c,n
, ẏ
c,n, yc,n = acceleration, velocity and displacement for capping below n
th sleeper, respectively; 541 






 = acceleration, velocity and displacement of subgrade below nth sleeper, respectively; 542 
                  α, β, 𝛾 = stress distribution angles for ballast, capping and subgrade, respectively (°); 543 




 = reference stress distribution angles for ballast and capping, respectively (°); 544 
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                      δ(x) = vertical deflection of track at distance ‘x’ (m); 545 






p = irrecoverable strain in ballast, capping and subgrade, respectively (%); 546 
                     (ε
s
p)i = cumulative plastic strain in the i
th subgrade layer; 547 






 = Poisson’s ratio of ballast, capping and subgrade, respectively; 548 






 = density of ballast, capping and subgrade, respectively (kg/m3); 549 
                        σ'
d
 = deviator stress (N/m2); 550 




 = octahedral normal and shear stresses, respectively (N/m2); 551 
                         σ
s
 = compressive strength of the soil (N/m2); 552 
                  σ'
x
, σ'
y = lateral stresses in longitudinal and transverse directions, respectively (N/m
2); 553 






 = vertical stresses in the ballast, capping and subgrade layers, respectively (N/m2); 554 
                            𝜑' = friction angle (°); 555 
Supplemental Data (#1 vibrating mass and stiffness of substructure layers) 556 
The equations to evaluate the mass and stiffness of the substructure layers for different cases 557 
of overlapping will be provided by the corresponding author upon request. 558 
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TABLES 695 
Table 1. Parameters a, b and m for different subgrade soils [adapted from (Li and Selig 1996)] 696 
Subgrade soil type a b m 
ML (silt) 0.64 0.06‒0.17 1.4‒2.0 
MH (silt of high plasticity) 0.84 0.08‒0.19 1.3‒4.2 
CL (clay of low plasticity) 0.30‒3.5 0.08‒0.34 1.0‒2.6 
CH (clay of high plasticity) 0.82‒1.5 0.12‒0.27 1.3‒3.9 
 697 
Table 2. Parameters used for evaluation of track response 698 
Variable Symbol Unit Takemiya 
and Bian 
(2005) 










Ballast (Top layer)        
Elastic modulus Eb MPa      23         80      80      69 138‒551 (276) 
Poisson’s ratio νb ‒    0.45     0.3     0.3  0.3            0.3 
Shear stiffness  kbs MN/m        1           0.1        0.1      78.4          78.4 
Shear damping cbs kNs/m      80         80      80      80                80 
Density ρb kg/m3 1,500    1,800 1,800 1,990           1,760 
Thickness hb m        1      0.3     0.3       0.305 0.15‒0.6 (0.3) 
Capping (Middle layer)        
Elastic modulus Ec MPa        6       140    140      55 69‒276 (138) 
Poisson’s ratio νc ‒    0.45      0.3     0.3  0.4              0.35 
Shear stiffness  kcs MN/m    250       476    476 1,600              476 
Shear damping ccs kNs/m    800         80      80      80                80 
Density ρc kg/m3 1,260    2,300 2,300 2,092           1,920 
Thickness hc m        3      0.8     0.8       0.127 0.15‒0.45 (0.15) 
Subgrade        
Elastic modulus Es MPa      44       600    600      45 14‒276 (14) 
Poisson’s ratio νs ‒    0.45       0.25       0.25  0.4                0.35 
Shear stiffness  kss MN/m 3,000    1,600 1,600 1,600            1,600 
Shear damping css kNs/m    800         80      80      80                 80 
Density ρs kg/m3 1,475    2,300 2,300 2,092            1,920 
Thickness hs m      44       3.29       3.29        2 1‒ 10 (4.5) 
Note: The values of shear stiffness and damping have been calculated using a trial and error procedure. 699 
The initial values for the trial and error procedure, and the parametric study were chosen according to 700 
those reported by Zhai et al. (2004) and Oscarsson and Dahlberg (1998); empirical parameters for 701 
irrecoverable deformation are taken from Sun et al. (2016) and Suiker et al. (2005) for ballast and 702 
capping, respectively. 703 




Settlement (mm) Vertical stress (kPa) 








0 0.54 0.51 110 84 
400 ‒ ‒   76 75 
800 0.23 0.18      59.6 53 
 705 
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